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Abstract: There exist cislunar and trans-lunar libration points near the Moon, which are referred as the LL; and LL, points
respectively and can generate the different types of low-energy trajectories transferring from Earth to Moon. The
time-dependent analytic model including the gravitational forces from the Sun, Earth and Moon is employed to investigate
the energy-minimal and practical transfer trajectories. However, different from the circular restricted three-body problem,
the equivalent gravitational equilibria are defined according to the geometry of instantaneous Hill’s boundary due to the
gravitational perturbation from the Sun. The relationship between the altitudes of periapsis and eccentricities is achieved
from the Poincaré mapping for all the lunar captured trajectories, which presents the statistical feature of the fuel cost and
captured orbital elements rather than generating a specified Moon-captured segment. The minimum energy required by the
captured trajectory on a lunar circular orbit is deduced in the spatial bi-circular model. It is presented that the asymptotical
behaviors of invariant manifolds approaching to/from the libration points or halo orbits are destroyed by the solar
perturbation. In fact, the energy-minimal cislunar transfer trajectory is acquired by transiting LL; point, while the
energy-minimal trans-lunar transfer trajectory is obtained by transiting LL, point. Finally, the transfer opportunities for the
practical trajectories escaped from the Earth and captured by the Moon are yielded by transiting halo orbits near LL; and LL,

points, which can be used to generate the whole trajectories.
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1. Introduction

Previous researches on cislunar transfer trajectories from the Earth to Moon in the context of
two-body dynamics reached the conclusion that the spacecraft has to be accelerated up to the
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hyperbolic velocity so as to escape the Earth’s gravitational force; while some recent researches from
the viewpoint of the restricted circular three-body problem (abbr. CR3BP) showed that the hyperbolic
velocity is not the necessary condition for the cislunar transfer (Koon et al. 2007). Compared with the
Hohmann transfer, the ballistic trajectory captured trajectory known as one type of low-energy transfer
trajectories (Xu and Xu 2009), which is obtained within the context of CR3BP, has lower fuel
consumption but longer transfer duration.

Conley studied the local dynamical behavior of planar CR3BP near the collinear libration point and
classified all the trajectories into four different types as: periodical orbit (named as Lyapunov orbit),
stable/unstable manifolds of periodic orbit, transiting and non-transiting trajectories (Conley 1968). It
is concluded from Conley's work that the invariant manifolds of periodic orbits will separate transiting
and non-transiting trajectories, and only the transiting ones can be employed to generate the low-energy
cislunar transfer trajectories.

McGehee investigated the global dynamical behavior of CR3BP and achieved the similar results,
i.e., the stable and unstable manifolds of Lyapunov orbit form a 2-dimensional hyper-surface in the
3-dimensional Euclidean space which may play a significant role in understanding the transiting
trajectories (McGehee 1969). Based on the preliminary work of Conley and McGehee, Marsden and
Ross extended and thoroughly investigated the dynamical structure near the libration point, and
denoted the invariant manifolds as Conley—McGehee tubes (abbr. C-M tube) in order to memorize their
contributions (Marsden and Ross 2006). Yamato demonstrated that most of the tubes are distorted but
few of them are preserved by small perturbations from the perturbed gravitation of the third celestial
body (Yamato 2003).

Several scholars were devoting to the topic on some transiting trajectories near LL; point, since
Conley had achieved the low-energy cislunar trajectories from the viewpoint of LL; point (Conley
1969). Bolt and Meiss obtained a low-energy cislunar transfer trajectory by the shooting method
developed in chaotic dynamics with the total fuel consumption of AV =750m/s and the flight duration
of At =748 days (Bolt and Meiss 1995). Schroer and Ott improved the shooting method to achieve the
transfer trajectory with similar fuel consumption but cutting off half of the transfer time (Az =377.5
days) (Schroer and Ott 1997). Macau gained a transfer trajectory with a little more fuel consumption
but much less transfer time than Schroer and Ott, i.e., AV =767m/s and Ar =284 days (Macau 1998).
Ross and Koon optimized the transfer time and fuel consumption to yield the better result, i.e., AV

=860m/s and Az =65 days (Ross and Koon 2003). Topputo and Vasile employed the Lambert equation
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in CR3BP to solve the two-point boundary problems and obtained the similar result with Ross and
Koon (Topputo and Vasile 2005). Xu et al. investigated the occurrence condition for low-energy
transfer and discovered that the transiting trajectories near LL; point are preferred to generate the
low-thrust cislunar trajectory (Xu et al. 2012).

On the other hands, Belbruno et al. raised a new type of trans-lunar trajectories by the numerical
method, which has a great application in rescuing Japanese lunar spacecraft "Hiten™ in 1991 and then is
referred as the weak stability boundary (abbr. WSB) trajectory (Belbruno and Miller 1993; Belbruno
2004). The WSB trajectory is considered as a significant contribution to celestial mechanics, and more
analytic or semi-analytic investigations were implemented on this theory by Circi and Teofilatto
(2001), Yagasaki (2004), Parker and Lo (2005), and Garcia and Gomez (2007).

Koon et al. investigated the long-term evolutions of C-M tubes under the gravitational perturbation
from the Sun, and divided the restricted four body problem into two different CR3BPs, i.e., the
Sun-Earth/Moon system and the Earth-Moon system (Koon et al. 2001). A magic result was achieved
that a Belbruno's WSB trajectory can be generated from the stable manifolds near EL; (or EL;) point
and the unstable manifolds near the trans-lunar LL, point, with the assist of the numerical tool of
Poincaré mapping.

Different from the above researches focusing on only one specified Earth-to-Moon transfer
trajectories, a systematic discussion on both cislunar and trans-lunar trajectories are implemented in the
context of restricted four-body dynamics in this paper. The statistical features of the fuel cost and
captured orbital elements, like altitude of periapsis and eccentricity, are investigated by the tool of
Poincaré mapping rather than a specified Moon-captured segment. Compared to CR3BP and Hill's
model, both the cislunar and trans-lunar trajectories with the minimum energy are deduced in a spatial
analytical four-body model including the gravitational forces from the Sun, Earth and Moon. It is
presented that the asymptotical behaviors of invariant manifolds approaching to/from libration points or
halo orbits are destroyed in the time-independent model. The energy-minimal and practical cislunar
transfer trajectories are acquired by transiting LL; point and halo orbits near the point respectively;
however, the energy-minimal and practical trans-lunar transfers are obtained by transiting LL, point and
halo orbits near the point. Furthermore, the transfer opportunities for the practical trajectories escaped
from the Earth and captured by the Moon are yielded by transiting halo orbits near LL; and LL, points,

which can be used to generate the whole trajectories.



2. Lunar Capturing Trajectories in Spatial Bi-Circular Model

Compared with the Hohmann direct transfer employed by Apollo (NASA) and Chang'E (China)
missions, the low-energy WSB transfer requires more fuels in the accelerating maneuvers, and then
much less fuel cost in the decelerating maneuvers, which will make the WSB type of lunar transfer
trajectories more economic than the Hohmann type. Therefore, Belbruno and Miller (1993), and
Garcia and Gémez (2007) proposed the concept of lunar temporary capturing trajectories to measure
the opportunity of a spacecraft to transferring from the Earth to Moon, which owns the somewhat
higher energy than the libration point LL; or LL,. When the spacecraft on the Hohmann trajectory
arrives at the Moon, its flight velocity is hyperbolical and its osculating eccentricity is greater than 1,
hence the spacecraft owns much higher energy than LL, point. However, the low-energy trajectories are
elliptical since their osculating eccentricities are less than 1 during the flight, so that the spacecraft will
keep orbiting the Earth with several loops before transiting the libation point, and also keep orbiting the
Moon after transiting the point. Thus, the fuel cost of the lunar temporary capture turning into
temporary capture is smaller than the Hohmann transfer.

An analytic spatial bi-circular model (abbr. SBCM) including the gravitational forces from the Sun,
Earth and Moon is developed in this section, and then a systematical discussion on Moon-captured
energy in this model is implemented by the tool of numerical Poincare mapping; however, no specific

trajectory is referred in this section.
2.1 The definition of SBCM

The SBCM originates from the planar bi-circular model developed by Koon et al. (2001) and the
quasi bi-circular model by Andreu (1999); specially, the SBCM shows significant improvements in the
inclination between the ecliptic and lunar planes. Compared with the three models referred above, the
SBCM has the following assumptions: i) The Earth and Moon act as different simple gravitational
points, and move around their barycenter in Kepler circular motions with their eccentricities ignored; ii)
The barycenter of the Earth-Moon system stays circumsolar in the ecliptic plane with its eccentricity
ignored; ii) The inclination of the lunar plane relative to the ecliptic plane is considered with an
average angle of 5°9'.

In order to reduce the computational work in Kepler circular motions under the Sun-Earth/Moon

and Earth-Moon systems, three different coordinates are introduced in this paper, as shown in Fig.1.
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The inertial Is.gnv frame with its components (X, Y, Z) is defined as following: the origin is fixed at the
barycenter of the Sun-Earth/Moon system, and the axis X is along the intersection of the ecliptic and
lunar planes, which follows an inertial direction in the system, and the axis Z is perpendicular to the
lunar plane and along the revolution axis of the Earth-Moon system, and the axis Y is determined by the
right-hand-side rule. Inheriting from ls.g/v, @ new inertial frame g has the same definition of the
three axes, but fixes its origin at the barycenter of the Earth-Moon system. The syzygy Ss.gmm frame
with its components (& 7, ¢) is defined as following: the origin is fixed at the barycenter of the
Sun-Earth/Moon system, and the axis & points from the Sun to the barycenter of the Earth and Moon,
the axis ¢ is perpendicular to the ecliptic orbital plane, and the axis 7 is determined by the
right-hand-side rule. The syzygy Sg-m frame with its components (x, y, z) is defined as following: the
origin is fixed at the barycenter of the Earth-Moon system, and the axis x points from the Earth to the
Moon, and the axis z is perpendicular to the lunar plane and along the revolution axis of the
Earth-Moon system, and the axis y is determined by the right-hand-side rule.

N: Lunarplane

Spacecraft

M : Eclipticplane

Fig.1 The geometrical view of the SBCM model: the inclination of the lunar plane relative to the ecliptic plane
is considered with an average angle of 5°9'; the solar phasic angle g measures the included angle between
the line from the Earth to Moon and the intersecting line of the ecliptic and lunar planes; the lunar phasic
angle g, measures the included angle between the line from the Sun to the barycenter of the Earth-Moon
system and the intersecting line of the ecliptic and lunar planes; the ecliptic plane is painted in yellow color,
while the lunar plane is painted in green color.

The equations derived in this paper can be normalized by means of the characteristic length, time

and mass, as following:



[L]=L,_,, ,average distance between the Earth and Moon
[M]=m, +m,,  total massin the Earth - Moon system

[11=[r* 1G(m, +m, )"
where mg and m,, are the mass of the Earth and Moon, respectively; Lz, is the average distance
between the Earth and Moon; G is the universal gravitation constant.

R,=[x v z]', ®=[¢ n ¢] and r=[x y z|' are defined as the position vector of
the spacecraft in the rotating frames ls.g/m, Ss-e/m and Sg-m, respectively. Therefore, the position vector
from the Sun to the origin of the barycenter in the frame Isgm can be expressed as
Ag =(1-ug)a,[cos; sing, 0], where a, (=388.81114 in the length unit normalization mentioned

above) is the average distance between the heliocenter and the barycenter of the Earth-Moon system,
and 1, (=3.040357143x10°) is the mass ratio of the Earth-Moon system with respect to the full
Sun-Earth-Moon system. i (=5°9') is the inclination between the ecliptic and lunar planes. &, is defined
as the lunar phasic angle measured between the line from the Sun to the barycenter of the Earth-Moon
system and the intersecting line of the ecliptic and lunar planes, and £ is defined as the solar phasic
angle measured between the line from the Earth to Moon and the intersecting line. In this paper, the
initial lunar angle 6, is set as 0° at the moment #=0, while the initial value of the solar angle /% is
selected as the time variable to investigate Earth-to-Moon transfers in the time-dependent SBCM
model in the following sections.
According to the defined coordinate systems and SBCM assumptions, the required relationship
between the spacecraft's position vector r, R and R; are listed as:
R =R, (6 )R, (1)

Ri =R (=R, (= B)r + Ag )
where R,(#) and R, (@) are the elementary transformation matrixes around the Z (or z) and X (or x)

axes respectively. Thus, the Newtonian dynamics in the unit normalization is formulized as following:

o - - R-R
R, = {1 p) g ®)
L N N

where 4 (=0.0121516) is the mass ratio of the Moon with respective to the Earth-Moon system, and
R, =a,-[-u;, 0 0] is the position vector of the Sun in the frame Ssem. The kinematics

formulized by Egs. (1) and (2) can be used to deduce the dynamical equation, as
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where @, (=0.0748 in the time unit normalization) is the angular velocity of the Earth-Moon system
with respect to the inertial reference system, and ms (=328900.54) is the Sun's mass in the mass unit
normalization, and the position vectors of the Earth and Moon in Sgn can be expressed as
r,=[-« 0 0] and r, =ft-x 0 0f.

Both of the CR3BP and SBCM models are classified as the conservative Hamiltonian systems
without any external forces. Thus, the Newtonian dynamics can be deduced from the Hamiltonian
function H; equivalently as

OH,

op
OH,

Cor

P =
(®)

where p= [px P, D ]T is the generalized momentum, defined by the position and velocity vectors

r and r as
D, =X-Yy
p,=y+x. (6)
p.=z

Thus the Hamiltonian function H; can be resolved from Egs. (4) and (5), as

M — w2 AR (-i)R(-g)r+7s )

IISR-ERsII ds

where Hp is the Hamiltonian function modeling the dynamics of CR3BP, and the other terms are

H =H,-

considered as the perturbation from the solar gravity, and the term |[R—%R| can be reproduced as:

[%-9|=]aslt 0 O +R.(0)R,(~i)R.(-B)|=\ai+r"r+2a 7. (8)
where r. is defined as r.=[cosd, sind, 0]-R (-i)R.(~A)r, which has the same order of

magnitude as ||r|, but is smaller than |r| (i.e., . <|r|).

Moreover, Hy, which can be found in textbooks, has the general form:



MM ©)
r=rel =l

The solar gravity brings periodic perturbation into the dynamics of CR3BP, which can be characterized

1
H, =§(pf +pi+pl)-xp, +p. *|

by the difference between the two Hamiltonian functions. For a spacecraft flying inside the Earth-Moon
system with its distance ||r|| from the system barycenter much shorter than a;, i.e., ||r||<<a, the
difference AH has the following expression as

1

1
AH =
’"[ EEEN

} w0 ASR, (-i)R.(-B)r. (10)

where the second term can be simplified as

S YR . i 8 PO I (R
”‘.R R ” ag  ag as 2a5 a; 2 ag ay |

and the third term can be simplified by the Kepler's third law, as

s
> -
dg

o -ag = (12)

Therefore, the difference AH can be refined as

AH_mS ” ” _E.r2+0M :ﬂoﬂ (13)
2a;, 2 a’ a a: ag |

For the trajectories inside the Earth-Moon system discussed in this paper, the magnitude of r is close to
1 according to the length unit normalization, i.e., ||r||=1. Hence, for the halo orbits employed in this
paper, the following fact can be obtained from their Hamiltonian values of Hy (=-1.6 presented in
Section 2.2) that AH/Hj is of 10 order of magnitude, which can be considered as a small perturbation

onto the Hamiltonian system Ho.
2.2 The definition of equivalent libration points in SBCM

The SBCM dynamics is time-dependent due to the periodic perturbation from the solar gravitation,
compared to the time-independent CR3BP dynamics (Koon et al. 2007; Belbruno 2004).
Consequently, there are no equilibrium point existing in this gravitational fields. Nevertheless, the
gravitational equivalent equilibria will be defined in this section according to the geometry of
instantaneous Hill’s boundary.



For the trajectories flying inside the Earth-Moon system, the instantaneous Hill’s region defined by
the Hamiltonian function H; has the similar geometry with the constant Hamiltonian function Hy. From
the geometrical point of view, LL; point is essentially the critical point connecting the two gravitational
fields around the Earth and Moon, while LL, point is the critical point connecting the interior and the
forbidden regions. Therefore, the equivalent cislunar LL; point and trans-lunar LL, point are defined

respectively as the geometrical critical points of the instantaneous Hill’s boundary for a specified solar
phasic angle 4, marked as [x,, 0 O] and [x, 0 Of respectively.
Mathematically, the procedure to compute x, and x, is demonstrated as follows. The

Hamiltonian function is an integral of motion written in position and velocity form formulized by Eq.

(7), and its potential function with only the position term is formulized as:

1/, 2 1-u y7i mg s AT . mg
U=H| =-——-"+y")- - - —w; - A R (—i) R(- ) r+—.(14)
+= il 2( ) [r=rel r-rl [®-%4 7 7 CRA) s

Moreover, the Hill's boundary is dominated by the potential function with its velocity =0, known

also as the zero velocity surface. According to the definition of equivalent equilibrium mentioned
above, the locations of LL; and LL;, points can be solved from the partial derivative of U; with respect

to the x component, i.e., aaUl :
X

The geometry of time-dependent Hill’s boundaries, the locations of equivalent equilibria and their
Hamiltonian values are respectively shown in Fig.2, 3 and 4, where the equivalent cislunar LL; or LL;
point is denoted as SBCM-LL; or SBCM-LL,, compared with CR3BP-LL; or CR3BP-LL; in this

unperturbed model. Due to the solar perturbation, the locations and the Hamiltonian values of

equivalent equilibria are depending on g, i.e., x,, =x, (8)i=12 and H/" =H"(B)i=12.Thus,

the initial lunar phasic angle at the epoch time (/=0) is set as 6,,=0° to produce these figures, and the

solar phasic angle S ranges from 0° to 360°.
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Fig.2 Time-dependent Hill’s boundaries and equivalent equilibria: a) the equivalent LL; point and its Hill's
boundary; b) the equivalent LL, point and its Hill's boundary; the initial lunar phasic angle at the epoch
time (¢=0) is G,0=0".

T T 1.1575 T T T
— SBCM-LL1 - SBCM-LL2
0.8374| - CR3BP-LL; | 1157 _ CR3BP-LL, ||
0.8372 1.1565
0.837 1.156 -
=
= 0.8368 - i'-‘-' 1.1555
iy x
< 0.8366 - 1.155
0.8364 | 1.1545}
0.8362 1.154 +
0.836 L L L L L 1.1535 L I I L L L L
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
0
a) £00 b) B

Fig.3 The relationship between the location of equivalent equilibrium and g. a) for the equivalent LL; point
case, the location varies from 0.836 to 0.8374 Le_m; b) for the equivalent LL, point case, the location varies
from 1.1535 to 1.1565 Lg.v; the equivalent cislunar LL; or LL, point is denoted as SBCM-LL; or
SBCM-LL;, compared with CR3BP-LL; or CR3BP-LL; in this unperturbed model; the initial lunar phasic
angle at the epoch time (¢=0) is 6,0=0".
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Fig.4 The relationship between the Hamiltonian value of equivalent equilibrium and g a) for the equivalent
LL, point case, the Hamiltonian value varies from -1.599 to -1.592 compared with the constant value of
-1.594 in CR3BP model; b) for the equivalent LL, point case, the Hamiltonian value varies from -1.594 to
-1.582 compared with the constant value of -1.586 in CR3BP model; the initial lunar phasic angle at the
epoch time (¢=0) is G,0=0".

From these figures above, the location of LL; point varies from 0.836 to 0.8374 Lg.y, and that of
LL, point varies from 1.1535 to 1.1565 Le-m. For the equivalent L1, point case, the Hamiltonian value
varies from -1.599 to -1.592 compared with the constant value of -1.594 in CR3BP model; while, for
the equivalent LL, point case, the Hamiltonian value varies from -1.594 to -1.582 compared with the
constant value of -1.586 in CR3BP model.

2.3 Poincaré map for lunar captured trajectories

Villac and Scheeres investigated escaping trajectories in the Hill's three-body problem and then
concluded that the deceleration at the periapsis can reach the minimum energy for the transiting
trajectories from LL; or LL, point to the Moon (Villac and Scheeres 2002). Moreover, the impulse
maneuver AV to decelerate the spacecraft on a lunar circular orbit can be estimated by the Hamiltonian
value H, and the radius of periapsis , of the targeting orbit (being equal to the sum of the radius of
lunar surface and the altitude of periapsis), as following (Mengali and Quarta 2005):

AV(rp,Hl):—\/Z+\/(l—,u)2 +rpz +2—’U+M—2(1—,u)rp +H, . (15)

r, 1- r,

However, for a specified transiting trajectory, A, and r, are dependent on each other, and their
relationship will be investigated by Poincaré map in the following section.
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The technique of Poincaré map is employed to investigate preliminarily the statistical features of
the fuel cost and captured elements rather than a specified Moon-captured segment transiting LL; point,
and the similar case can be implemented for LL, point.

Mathematically, the procedure to compute the Poincaré map is presented as follows. For any

initial value /% at the epoch time, two sections ¥; and X, are used to define the following Poincaré
mapping, where the oriented section X, is located on the hyper-surface x=x,, with the Hamiltonian
flow defined by Eq. (4) from left to right, and is formulized as

h :xzxuq(ﬂ),)'c>0. (16)
Thus, all the transiting trajectories crossing this section and dominated by the identical Hamiltonian

value H; and Eq. (7), are parameterized by the remaining four dimensional coordinates. In this paper,
this parameterization is implemented by yo and zo, and two direction angles (5, ¢) ranging within the
interval [— 7z/2,7z/2] of the velocity vector, whose magnitude v, is determined by the Hamiltonian
value H;. Therefore, the initial conditions on X; can be written as
x|, =x, ¥ _,=v,cosfcoss
g=ro ¥ _,=vec0s8sins. (17)
2 =2z, 4 _,=vsind
The procedure to produce the initial conditions is: (i) based on the restriction by Eq. (7), refine the

interval [ymm ,ymax] for the variable y, from the case that z and v are set to be zeros temporarily, and

then select randomly a value of y, from its interval; (if) refine the interval [me,zmax] for the variable
zo from the case that v is set to be zeros temporarily, and then select randomly a value of zo from its
interval; (iii) calculate the rest variable vy from Eq. (7) once yp and zo are chosen in the steps mentioned

above, i.e.,

_ (.2 2 1-u H mg 2 AT R (R (—A).r_ s |.
v_\/(x“l+y°)+2(Hl+||r—rE||+||r—rM||+||‘R—iRS||+wS Al R (-i)-R.(-B)r aSJ, (18)

(iv) select randomly the direction angles sand ¢ from their interval [— 7r/2,7r/2].
In consequence, the initial conditions given by the section ¥, are integrated forwards until the
second section X, defined as

s, 7, =0,i, >0 (19)
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where r,, is the distance between the Hamiltonian flow and the Moon, which illustrates that the section
¥, terminates the integration routine at the periapsis of the integrated trajectory. Moreover, define a new
position vector from the flow to the Moon, as

F=[x+u-1y =] (20)

and then rewrite Eq. (17) equivalently, as

~T- T-
ZZ:FTr':O,r'Tr'+FTa—(—u>O. (21)

r
’FT

=T

where a is the acceleration in the rotating frame. In the numerical computations performed, all the four
dimensional coordinates (yo,zo,ﬁ, 5) are selected independently in the feasible areas, and each of the
coordinates involves 300 random points.

The Poincaré map defined by the flow between the two sections, i.e., £;—,, gives a mapping
relating all the transiting trajectories from the region near LL; point defined by the section X,
forward to their first periapsis defined by the section X,. Due to the dimensional reduction by Poincaré
mapping, all the captured trajectories are refined as the sections of X, and X,, shown as in Fig.5 for
AH,=3.5x107 and $=0°. Essentially, =, is confined close to LL; point and corresponds to the center
manifolds of halo or lissajous orbits near LL; point, and X, is confined close to the Moon and
corresponds to the unstable manifolds of halo or lissajous orbits. Only the transiting trajectories

corresponded by X, are discussed in this paper as the main topic on Earth-to-Moon transfers.

0.05 T T T T

L4 [LE- M]

!
0.8 0.85 0.9 0.95 1 1.05

Xlbgpyl
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Fig.5 Example of a Poincaré map parameterized by the Cartesian coordinates for AH;,=3.5x10° and ,B:OO

for LL, point case: all the captured trajectories are refined as the sections of X, and Zp. Xy is confined

close to LL; point and corresponds to the center manifolds of halo or lissajous orbits near LL; point; ¥, is

confined close to the Moon and corresponds to the unstable manifolds of halo or lissajous orbits; only the
transiting trajectories corresponded by ¥, are discussed in this paper as the main topic on Earth-to-Moon
transfers; the initial lunar and solar phasic angles at the epoch time (¢=0) are 60=0° and ﬁ=0°, and the

Hamiltonian value of 300 sampling points is set as AH:1=3.5x107.

The consequence of all the trajectories corresponded by X, could be deduced by their
parameterization on the Cartesian coordinates or classical orbital elements, which will be presented in
the following figures. The series of Poincaré map X, are illustrated in the following sixteen subgraphes
of Fig.6 and 7 as a function of the Hamiltonian value AH; and the solar phasic angle g, where the
circles illustrate the lunar surface, and the chaotic points illustrate all the capturing trajectories mapped
numerically from 300x300x300x300 random points selected on the section X or .z,

The initial conditions are listed as following: for Fig.5, the initial lunar and solar phasic angles at
the epoch time (+=0) are 6,,=0° and S=0° respectively, and the Hamiltonian value of 300 sampling
points is set as AH1=3.5x107. For Figs.6 and 7, the initial lunar and solar phasic angles at the epoch
time (1o=0) are 64=0° and =0, and the subgraphs in a row have the same solar phasic angle ranked in
0°, 90°, 180° and 270°, and the subgraphs in a column have the same Hamiltonian value AH; ranked in
5x10°®, 1x10™, 1x10® and 5x107.

Compared with the chaotic points located on the right hand of the Moon in rotating Sg.m frame for
LL; point case, the chaotic locate on the left hand for LL, point case, because all the captured
trajectories reach their first periapsis on the opposite hand of the initial leaving section = or .
The fact above is in accordance with the theory of Keplerian hyperbolic or parabolic orbit that the
periapsis of the transfer trajectory locates at the opposite hand of the initial leaving velocity at infinity

V_ relative to the targeting planet.
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Fig.6 Series of Poincaré map X, as a function of AH; and gfor LL; point case: the circles illustrate the lunar

surface, and the chaotic points illustrate all the capturing trajectories mapped numerically from random

points selected on the section X.”; the Hamiltonian value AH; has much more effects on the extrema

than the solar phasic angle g, verified by the Poincaré map in Fig.8; the initial lunar and solar phasic angles

at the epoch time (#=0) are 6,0=0° and ﬁ:OO, and the subgraphs in a row have the same solar phasic angle

ranked in 0°, 90°, 180° and 270° and the subgraphs in a column have the same Hamiltonian value AH;
ranked in 5x10°°, 1x10™, 110" and 5x107.
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Fig.7 Series of Poincaré map X, as a function of AH; and gfor LL, point case: the circles illustrate the lunar

surface, and the chaotic points illustrate all the capturing trajectories mapped numerically from random

LL,

points selected on the section X,

; the Hamiltonian value AH: has much more effects on the extrema
than the solar phasic angle pas well as LL; point case; the initial lunar and solar phasic angles at the epoch
time (£=0) are 6,0=0° and ,8:00, and the subgraphs in a row have the same solar phasic angle ranked in 0°,
90°, 180° and 270°, and the subgraphs in a column have the same Hamiltonian value AH: ranked in 5x10°,

1x10™ 1x10° and 5x10°.

The characteristics of the Poincaré maps vary as AH:; and g vary, which are captured by the
extremum surfaces of the altitude of periapsis and eccentricity for all the transiting trajectories in Figs.8
and 9. Inherited from the Poincaré map in Figs.6 and 7, the Hamiltonian value AH; has much more
effects on the extremum than the solar phasic angle 5. Moreover, the maximum and minimum are
illustrated respectively by the top and bottom branches of the extremum surface, and any altitude of
periapsis or eccentricity inside the two branches is available for a specified captured trajectory,

demonstrated in shallow-painted areas in the projection subgraphes b and d of Figs.8 and 9. In
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particular, the maximum and minimum will be equal to each other at some specified values of AH; and
S when the top and bottom branches encounter with each other smoothly at the left edge of the
extremum surface. By the subgraphes b and d, it is verified that the Hamiltonian value AH; has much
more effects on the extremum than the solar phasic angle g inherited from the Poincaré map in Figs.6
and 7.

The procedure to produce the characteristics of the altitude of periapsis and eccentricity of
captured trajectories is presented as following: (i) collect the position and velocity (r, ¢) of all the
captured trajectories at their first periapsis based on the procedure to produce Figs.5, 6 and 7; (i)
transform the state (r, r) from the syzygy Sg.m frame to the Moon-center inertial frame, which has the
same coordinate axis definition as that of the inertial frame Is.gm oOr lg.m, but fixes its origin at the
barycenter of the Earth-Moon system; (iii) convert the updated inertial states into the classical orbital
elements, including r, and e, based on the lunar gravitational coefficients and Keplerian two body
theory (the conversion between classical orbital elements and Cartesian coordinates is common and can
be found in textbooks); (iv) plot the extremum surfaces in Figs.8 and 9 for LL; and LL, points
respectively.

The initial conditions are listed as following: the initial lunar phasic angle is 6,,=0°, and the solar

phasic angle granges from 0° to 360°, and the Hamiltonian value AH; ranges from 0 to 5x10° (for LL;

point) or from 0 to 1.1x10 (for LL, point).
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Fig.8 Extremum surfaces of altitude of periapsis and eccentricity for all the captured trajectories for LL;

Altitude of Perigee about Moon [LE_M]

point case: a) 3-D illustration of extremum surface of altitude of periapsis r, expressed as a function of
AH; and g, b) 2-D projection onto the (AHi, r,) space of the extremum; c) 3-D illustration of extremum
surface of eccentricity e expressed as a function of AH; and 4, d) 2-D projection onto the (AHj, e) space of
the extremum; the Hamiltonian value AH; has much more effects on the extrema than the solar phasic
angle g, inherited from the Poincaré map in Fig.6; the extremum includes both the maximum and
minimum, which are illustrated respectively by the top and bottom branches of the extremum surface; any
altitude of periapsis or eccentricity inside the two branches is available for a specified transiting trajectory,
demonstrated in the shallow-painted areas in the 2-D illustration b and d; the maximum and minimum are
equal to each other at some specified values of AH; and S when the top and bottom branches encounter
with each other smoothly at the left edge of the extremum surface; the initial lunar phasic angle is 60=0°,

the solar phasic angle granges from 0° to 360°, and the Hamiltonian value AH; ranges from O to 5x107.
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Fig.9 Extremum surfaces of altitude of periapsis and eccentricity for all the captured trajectories for LL,
point case: a) 3-D illustration of extremum surface of altitude of periapsis r, expressed as a function of
AH; and g, b) 2-D projection onto the (AH1, r,) space of the extremum; c) 3-D presentation of extremum
surface of eccentricity e expressed as a function of AH; and 4 d) 2-D projection onto the (AH, e) space of
the extremum; the Hamiltonian value AH: has much more effects on the extrema than the solar phasic
angle g, inherited from the Poincaré map in Fig.7; the extremum includes both the maximum and
minimum, which are illustrated respectively by the top and bottom branches of the extremum surface; any
altitude of periapsis or eccentricity inside the two branches is available for a specified transiting trajectory,
demonstrated in the shallow-painted areas in the 2-D illustration b and d; the maximum and minimum are
equal to each other at some specified values of AH; and g when the top and bottom branches encounter
with each other smoothly at the left edge of the extremum surface; the initial lunar phasic angle is 050=O°,
the solar phasic angle granges from 0° to 360°, and the Hamiltonian value AH; ranges from 0 to 1.1x10™.
A tangential burn AV is required to capture a circular orbit about the Moon, which is also regarded
as the criterion to measure some candidate trajectories from the viewpoint of energy. Considering a
fixed radius of periapsis captured by the Moon, e.g., 7,=1838km (i.e., the altitude of periapsis is equal
to 100km), only a specified Hamiltonian value AH; is refined from the shallow-painted areas shown in
Figs. 10a and 10b for an arbitrary S<[0, 2], and then the minimum AVmi, can be obtained from Eq.
(14) by the refined minimum value of AH;. Thus, the improved Poincaré mapping with a fixed r,
establishes the relationship between AVmin and g, as illustrated in Fig.10. Compared with the captured
AVmin 0f 695.7m/s yielded by Keplerian two-body model, 656.8m/s by the Hill's model, and 649.2m/s
(LL, point) and 652.9m/s (LL, point) in the CR3BP model (Villac and Scheeres 2002; He and Xu
2007), the SBCM model can reach the minimum value of 642.9m/s (LL, point) and 646.7m/s (LL,
point).
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Mathematically, the procedures to produce Figs.8 and 9 establish a mapping (or function) from H;

and Bto rp, which is formulized as r, = F(Hl,ﬂ); however, for a fixed radius of periapsis r; =1838km,

Hy is parameterized by the only variable g, i.e., H,=T".(5), which can be solved from numerical

procedures of Fig.8 and 9. Subsequently, the minimum AV, can be obtained from Eq. (14) by the
refined minimum value of H;. The initial conditions to produce Fig.10 are listed as following: the

initial lunar phasic angle is 6,0=0°, and the solar phasic angle 4 ranges from 0° to 360°.
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Fig.10 The relationship between the minimal captured AVmin and g produced by the improved Poincaré
mapping with a fixed altitude of periapsis r,=1838km: a) the relationship for LL; point case; b) the
relationship for LL, point case; compared with the captured AVpmin of 695.7m/s yielded by Keplerian
two-body model, 656.8m/s by the Hill's model, and 649.2m/s (LL; point) and 652.9m/s (LL, point) in the
CR3BP model (Villac and Scheeres 2002; He and Xu 2007), the SBCM model can reach the minimal
value of 642.9m/s (LL, point) and 646.7m/s (LL, point).

3. Low-energy Transfers by Transiting Equivalent Libration Points

Compared with the statistical features of captured orbital elements discussed in the section above,
the minimum-energy cislunar and trans-lunar trajectories are yielded by transiting LL; and LL; points in
this section. It is presented that the asymptotical behaviors of invariant manifolds approaching to or
from the libration points or halo orbits are destroyed by the solar perturbation. Moreover, the transfer
opportunities measured by the solar phasic angle S are achieved for the Earth-escaping and

Moon-captured segments, respectively.
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3.1 Low-energy transfers by transiting LL; point

For the CR3BP model, the minimum energy trajectory transiting LL; point is essentially two
branches of the invariant manifolds originating from this equilibrium point. Thus, the spacecraft may
follow the stable manifold from the interior region dominated by the Earth's gravity to LL; point, and
then leave along the unstable manifold for the exterior region dominated by the lunar gravity. However,
this transfer trajectory is not practical because its duration is infinite, which is inheriting from the fact
that the invariant manifolds approach or leave L1, point asymptotically in an infinite duration.

The perturbation of the solar gravity employed by the SBCM model will change topologically the
invariant manifolds to fail in transiting LL; point for some phasic angles B<[0, 27z]; however, the
transiting manifolds are preserved for the other values of 4 inheriting from the time-invariant CR3BP
model. For the interval of g transiting LL; point, the asymptotical infinite durations are cut down to
finite ones by the perturbation, which is quite beneficial to Earth-to-Moon transfers. For the interval of
S not transiting LL; point, the perturbed manifolds will lose the phase of orbiting the Earth or Moon,
i.e., there is no periapsis about the Earth or Moon in this case. Therefore, the gaps between the altitudes
of periapsis about the Earth and Moon are presented by the phasic angle g in Fig.11. Only the
intersection between fs intervals transiting from the Earth to LL; point and another intervals transiting
from LL; point to the Moon, i.e., [77°, 109°]U[285° 342°], can drive the trajectories to orbit
successively the Earth and Moon, and can be also considered as the cislunar transfer opportunities
which is bounded by the vertical dashed lines in Fig.11.

The procedure to produce the cislunar transfer opportunities measured by the solar phasic angle g
is presented as follows. Vary gin the interval of [0°, 360°] to integrate backwards the SBCM dynamics
formulized by the differential Eqg. (4) backwards to yield the transfer opportunities for Earth-escaping
segment, and integrate forwards to yield the transfer opportunities for Moon-captured segment. The

two integrations (forwards and backwards) have the same initial condition of [x,, , 0, 0, 0, 0, 0]". Only

several subintervals of 4 can make the integrated trajectories closer to the Earth or Moon, which are
considered as cislunar or trans-lunar transfer opportunities. The initial conditions are: the initial lunar

phasic angle is 6,=0°, and the solar phasic angle B ranges from 0° to 360° and the initial values to

integrate forwards and backwards Eq.(4) are equally [x,, , 0, 0, 0, 0, 0]".
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Fig.11 Cislunar transfer opportunities measured by the solar phasic angle g: the solid lines illustrate the
available altitudes of periapsis about the Earth, and the dash-dotted lines illustrate the available altitudes of
periapsis about the Moon; the intersection of the intervals transiting from the Earth to LL, point and from
LLy point to the Moon is bounded by the vertical dashed lines, i.e., [77°, 109°]U[285°, 342°], which drives
the trajectories to orbit successively the Earth and Moon; the gaps between the altitudes of periapsis are

caused by some gs intervals failing the invariant manifolds in transiting LL; point.

The three-dimensional cislunar trajectory is presented in Sg.v (Fig. 12) and Ig. frames (Fig. 13).
From the two figures, it is deduced that the z component ranges between -2x103~+2x10" (Lg.y), While
the x and y components range respectively between -0.9~+1.2 and -0.8~+0.8 (Lg-m). This conclusion
can also be summarized from the trajectories transiting LL, point or halos orbits near the two libration
points. Thus, for all the cislunar and trans-lunar trajectories discussed in this paper, the z component is
much smaller than the other components (the z component is only about one thousandth of x or y
component), which indicates the spatial perturbation has few effects on the low-energy transfer.

The procedure to produce typical cislunar transfer trajectory transiting LL; point in the rotating
Se-w frame is: for some specified value of g, integrate Eq.(4) backwards from the equivalent
equilibrium to obtain the Earth-escaping segment and forwards to achieve the Moon-captured segment
in the rotating Sg.m frame. The transfer trajectories R; in the inertial 1.\ frame in Fig.13 are converted
from the integrated trajectories r in the rotating Sg.m frame in Fig.12, based on the transition matrix of

R, =R, (~#)R,(~ B)r. The initial conditions are: the initial lunar phasic angle at the epoch time (+=0)
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is 6=0° for the four figures, and the initial solar phasic angle A at the epoch time (z=0) is 286° for

Figs.12 and 13, and the integral initial values to produce Figs.12 and 13 are [x,,, 0, 0, 0, 0, 0]".

Escaping from Earth
— « — Captured by Moon

Fig.12 Typical cislunar transfer trajectory transiting LL; point in the rotating Se.w frame for ,3:2860: the
blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines illustrate the
segment captured by the Moon; the z component ranges between -2x10°%~+2x10" (Le-m), while the x and y
components range respectively between -0.9~+1.2 and -0.8~+0.8 (Lg-m), Which indicates that the spatial

perturbation has few effects on the low-energy transfer.
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Fig.13 Typical cislunar transfer trajectory transiting LL; point in the inertial lg.\ frame for ,3:2860: the
blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines illustrate the
segment captured by the Moon; the z component ranges between -2x10°~+2x10" (Le-m), while the x and y
components range respectively between -0.9~+1.2 and -0.8~+0.8 (Le-m), Which indicates that the spatial

perturbation has few effects on the low-energy transfer.

The semi-major axis and eccentricity of the typical cislunar low-energy trajectory for ﬂ:286° are
illustrated in Fig.14. Due to the solar gravitational perturbation, the duration of the transiting manifold
is finite. For a cislunar trajectory, the time epoch (z=0) is set as the moment of passing through LL,
point, and its stable manifold will orbit the Earth before this epoch (i.e., #<0), while its unstable
manifold will orbit the Moon after this epoch (i.e., £>0). Thus, the osculating semi-major axis and
eccentricity before the epoch (#<0) should be conversed from the position and velocity in the
Earth-center inertial frame based on the Keplerian restricted two body theory, while the osculating
semi-major axis and eccentricity after the epoch (#>0) should be conversed in the Moon-center inertial
frame. In this case, the jumps at the epoch (z=0) are caused by the fact that the orbital elements before
and after this epoch are conversed in two different inertial frames, i.e., the former is in the Earth-center

frame but the latter is in the Moon-center one.
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Furthermore, the orbital elements after the epoch have more considerable variation in amplitude
than before the epoch, especially for the eccentricity. It is because the osculating orbital elements are
achieved only based on the Keplerian restricted two body theory; however, the perturbation from the
other celestial body's gravity affects the elements greatly, which is referred as the second body in the
CR3BP or SBCM model. Compared with the lunar perturbation before the epoch, the Earth has more
perturbation on the osculating orbital elements conversed in the Moon-center inertial frame after the
epoch, which accounts for more jumps on eccentricity (in the right subgraph of Fig.14) after the epoch
than before the epoch. This cislunar transiting trajectory is classified as low-energy transfer because
both the eccentricities before and after the epoch are less than 1, compared to the hyperbolical velocity
captured by the Moon in classical Hohmann transfer (like Apollo (NASA) and Chang'E (China)
missions).

The procedure to produce Fig.14 is: (i) integrate Eq.(4) backwards to obtain the Earth-escaping
segment and forwards to achieve the Moon-captured segment in the rotating Sg.\ frame both from the
same initial condition of [x,,, 0, 0, 0, 0, 0]"; (i) transform the state (r, ¢) from the syzygy Se.m frame
to the Earth-center inertial frame for the Earth-escaping segment, and transform the state (r, r) from
the syzygy Se-m frame to the Moon-center inertial frame for the Moon-captured segment; (ii7) convert
the semi-major axis a and eccentricity e before the epoch (1<0) from the Earth-escaping segment based
on the Earth's gravitational coefficients, and convert « and e after the epoch (>0) from the
Moon-captured segment based on the lunar gravitational coefficients. The initial conditions are: the

initial lunar phasic angle at the epoch time (+=0) is €0=0° for the four figures, and the initial solar

phasic angle gat the epoch time (#=0) is 286°, and the integral initial values to produce Fig.14 is [X.,,
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Fig.14 Osculating semi-major axis and eccentricity of a cislunar transfer trajectory for ,8:2860: a) the
history of the osculating semi-major axis; b) the history of the osculating eccentricity. The dash-dotted
lines illustrate the elements during escaping from the Earth, and the dashed lines illustrate the elements
during being captured by the Moon, and the vertical solid lines indicate the time epoch (¢=0); the
osculating semi-major axis and eccentricity before the epoch (¢<0) are conversed from the position and
velocity in the Earth-center inertial frame, and the osculating elements after the epoch (¢<0) are conversed
in the Moon-center inertial frame; compared with the lunar perturbation before the epoch, the Earth has
more perturbation on the osculating orbital elements conversed in the Moon-center inertial frame; this
cislunar transiting trajectory is classified as low-energy transfer because the eccentricities before and after
the epoch are less than 1, compared to the hyperbolical velocity captured by the Moon in classical
Hohmann transfer (like Apollo (NASA) and Chang'E (China) missions).

The low-energy cislunar transfers transiting LL; point have the minimum energy, because the LL;
point has the minimum energy in itself compared to LL, point and periodic orbits near the two

equivalent equilibria.
3.2 Low-energy transfers by transiting LL, point

Similar to transiting LL; point, the solar perturbation will change topologically the invariant
manifolds to fail in transiting LL, point for some phasic angles Be[0, 27]; however, the transiting
manifolds are preserved for the other values of . For the available interval of g, i.e., the trans-lunar
transfer opportunities for LL, point can be produced by the procedure developed for LL; point. The

initial conditions are: the initial lunar phasic angle is 6,,=0°, and the solar phasic angle Sranges from 0°
to 360°, and the initial values to integrate forwards and backwards Eq.(4) are equally [*x.,,0,0,0,0,

0]”. The trans-lunar transfer opportunities is illustrated in Fig.15.

Different from the only type of cislunar trajectories transiting LL, point, all the transfer trajectories
transiting LL, point are classified as the inner cislunar trajectories and the outer WSB trans-lunar ones.
The former is essentially the cislunar transfer trajectories passing through LL; point, and costs more
fuels than the cislunar trajectories transiting LL; point. While the latter has the same geometrical shape
in the inertial frame as Belbruno's theory and is named after outer trans-lunar WSB trajectories in this
paper (Belbruno and Miller 1993; Belbruno 2004), which can be considered as the patched
connection between the invariant manifolds near EL; (or EL,) point and unstable manifolds near LL,
point (Koon et al. 2001). Therefore, the former is not a fuel-efficient Earth-to-Moon transfer, and only

the trans-lunar WSB trajectories are employed in this paper to transit LL, point. Due to the harsh
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conditions of two patched manifolds, only a few of intervals can be used to construct the whole WSB
transfer trajectories from the Earth to LL; point and then to the Moon, which are bounded by the
vertical dashed lines in Fig.15, i.e., fe[21.8°, 23.3°]U[201.5°, 203°]. Compared to the cislunar transfer

opportunities listed in Fig.11, the WSB transfers have fewer opportunities to transit LL, point.
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Fig.15 WSB Transfer opportunities by transiting LL, point measured by the solar phasic angle g: the solid
lines illustrate the available altitudes of periapsis about the Earth, and the dash-dotted lines illustrate the
available altitudes of periapsis about the Moon; the intersection of the intervals transiting from the Earth to
LLy point and from LL; point to the Moon is bounded by the vertical dashed lines, i.e., [21.8°,
23.3°]U[201.5°, 2030], which drives the trajectories to orbit successively the Earth and Moon; the gaps
between the altitudes of periapsis are caused by some fAs intervals failing the invariant manifolds in
transiting LL; point.

The procedures to produce transfer trajectories transiting LL, point in the rotating Sg.v frame and
the inertial lg frame can be employed to produce the two types of inner trans-lunar and outer
trans-lunar transfer trajectories transiting LL, point, as shown in Figs.16, 17, 19 and 20. For the four

figures, the initial lunar phasic angle at the epoch time (¢=0) is 6,,=0°, and the integral initial value is
[x.,,0,0,0,0,0]"; for Figs.16 and 17, the initial solar phasic angle gat the epoch time (¢=0) is 193°;
and for Figs.19 and 20, the initial solar phasic angle Bat the epoch time (¢=0) is 202°.
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Furthermore, the procedures to create the osculating semi-major axis and eccentricity for a
cislunar transfer trajectory in Section 3.1 can be used to deal with the LL, point case. The time history
of the orbital elements is presented in Figs.18 and 21 respectively for typical inner trans-lunar and outer
WSB trans-lunar transfer trajectories transiting LL, point. The initial lunar phasic angle and the integral

initial value are €,,=0° and [x.,,0,0,0,0,0]" for the two figures, and the initial solar phasic angle 3

of Fig.18 is 193°, and the initial solar phasic angle B of Fig.21 is 202°.
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Fig.16 Typical inner trans-lunar transfer trajectory transiting LL, point in the rotating Se.v frame for

,3:1930: the blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines
illustrate the segment captured by the Moon; the z component ranges between -3x10°~+3x10" (Le-m),
while the x and y components range between -0.9~+1.2 and -0.8~+0.8 (Lg-m), which indicates the spatial

perturbation has few effects on the low-energy transfer.
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Fig.17 Typical inner trans-lunar transfer trajectory transiting LL, point in the inertial lg.\m frame for

,8:1930: the blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines
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illustrate the segment captured by the Moon; the z component ranges between -3x10°~+3x10" (Le-m),

while the x and y components range between -0.9~+1.2 and -0.8~+0.8 (Lg.m), which indicates the spatial

perturbation has fewer effects on the low-energy transfer.
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Fig.18 Osculating semi-major axis and eccentricity of a cislunar transfer trajectory for ,8:1930: a) the
history of the osculating semi-major axis; b) the history of the osculating eccentricity. The dash-dotted
lines illustrate the elements during escaping from the Earth, and the dashed lines illustrate the elements
during captured by the Moon, and the vertical solid lines illustrate the time epoch (¢=0); the osculating
semi-major axis and eccentricity before the epoch (¢<0) are conversed from the position and velocity in the
Earth-center inertial frame, and the osculating elements after the epoch (¢<0) are conversed in the
Moon-center inertial frame; compared with the Moon before the epoch, the Earth has more perturbation on
the osculating orbital elements conversed in the Moon-center inertial frame; this cislunar transiting
trajectory is classified as low-energy transfer because the eccentricities before and after the epoch are less
than 1, compared to the hyperbolical velocity captured by the Moon in classical Hohmann transfer (like
Apollo (NASA) and Chang'E (China) missions).
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Fig.19 Typical outer trans-lunar transfer trajectory transiting LL, point in the rotating Sg.v frame for

,3:2020: the blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines
illustrate the segment captured by the Moon; the z component ranges between 0~+0.12 (Lg-m), While the x
and y components range between -4~+4 and -4~+4 (Lg-m), Which indicates the spatial perturbation has few

effects on the low-energy transfer.
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Escaping from Earth
— « — Captured by Moon

Fig.20 Typical outer trans-lunar transfer trajectory transiting LL, point in the inertial lg.\m frame for
,8:2020: the blue solid lines illustrate the segment escaping from the Earth, and the red dash-dotted lines
illustrate the segment captured by the Moon; the z component ranges between 0~+0.12 (Lg-m), while the x
and y components range between -2.7~+1.3 and -3.4~+1.2 (Le-m), which indicates the spatial perturbation
has few effects on low-energy transfer; this type of transfer trajectories in the inertial frame has the same
geometrical shape as Belbruno's WSB theory (Belbruno and Miller 1993; Belbruno 2004), which is
renamed as outer WSB trajectories as well.
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Fig.21 Osculating semi-major axis and eccentricity of a cislunar transfer trajectory for ,6’=202°: a) the

history of the osculating semi-major axis; b) the history of the osculating eccentricity. The dash-dotted

lines illustrate the elements during escaping from the Earth, and the dashed lines illustrate the elements

during captured by the Moon, and the vertical solid lines illustrate the time epoch (¢=0); the osculating

semi-major axis and eccentricity before the epoch (¢<0) are conversed from the position and velocity in the

Earth-center inertial frame, and the osculating elements after the epoch (¢<0) are conversed in the

Moon-center inertial frame; compared with the lunar perturbation before the epoch, the Earth has more

perturbation on the osculating orbital elements conversed in the Moon-center inertial frame; this cislunar

transiting trajectory is classified as low-energy transfer because the eccentricities before and after the

epoch are less than 1, compared with the hyperbolical velocity captured by the Moon in classical Hohmann
transfer (like Apollo (NASA) and Chang'E (China) missions).
The cislunar transfer trajectories transiting LL; point have a total opportunities measured by

Aﬁ=89°, while the outer WSB trans-lunar trajectories have much fewer opportunities of Aﬁ=3°. Thus,

an effective way to increase the transfer opportunities for the WSB trajectories is to transit a halo orbit

near LL, point instead of itself.

4. Low-energy Transfers by Transiting Halo Orbits

Compared with the only variable (i.e., f) to design a transfer trajectory transiting the libration

point, the halo orbit is employed to increase the transfer opportunities by introducing another variable

(i.e., serial points of halo orbit). Subsequently, a global investigation on the Earth-escaping and the

Moon-captured opportunities is implemented respectively for transiting LL, and LL, points in this

section.
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A halo orbit is a periodic three-dimensional orbit near LL; and LL, points, and is symmetrical
about the x-z plane in the rotating Sg.m frame (Xu and Xu 2012), shown in Fig.22. A halo orbit in the
Earth-Moon system can be characterized by the maximum of its y component or its orbital period 7.
Thus, all points on a specified halo orbit can be marked by the phase of halo orbit z=i/N, where i is

the serial number of this point measured clockwise from the starting point which is located closest to
the Earth on the x axis, and N=360 is the total number of evenly spaced points in time selected in this
paper. Even through there is no halo orbit under the solar perturbation in SBCM model, the periodic
orbit is still acting as a powerful tool to investigate the transfer trajectories in this paper, because both
the cislunar and the trans-lunar trajectories are transiting it rather than staying on it (Koon et al. 2001;
Koon et al. 2007). The algorithm to produce halo orbit is beyond the scope of this paper, which can be
found in the references (Richardson 1980; Xu et al. 2013). The maximal values of the y components

of halo orbits in Fig.22 are respectively +40142.16km near LL; point and +33818.07km near LL, point.
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o

-0.05

-0.1

Fig.22 Halo orbits near LL; and LL, points and serial points on the orbits: the maximal values of the y
components of halo orbits are respectively +40142.16km near LL; point and +£33818.07km near LL; point;

the serial evenly spaced points in time are selected clockwise from the starting point; the starting point
locates closest to the Earth on the x axis.
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4.1 Low-energy transfers by transiting halo obits near LL; point

In CR3BP model, the invariant manifolds of a halo orbit near LL; point can be classified into four
branches as W, Wy, W; and W, , where the subscript £ and M indicate this branch leaves from/to
the Earth and Moon respectively, and the superscript s and « indicate the branch approaches the halo
orbit forwards and backwards respectively. Thus, the branches W, and W) construct a whole
Moon-to-Earth transfer trajectory labeled by light-colored lines in the right subgraph of Fig.23, while
w? and W, construct a whole Earth-to-Moon transfer trajectory labeled by dark-colored lines in the

right subgraph of Fig.23; however, both of the two trajectories are not practical due to the infinite
durations. The algorithm to produce invariant manifolds of halo orbit is beyond the scope of this paper,
which can be found in the references (Howell et al. 1997; Howell et al. 2006). The maximal values of

the y components of halo orbits in this figure are respectively +40142.16km near LL; point and

+33818.07km near LL, point.
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Fig.23 Invariant manifolds of a halo orbit and cislunar transfer trajectories constructed from these

manifolds: a) W, illustrates the stable branch leaving from the Earth to the halo orbit, and W}
illustrates the unstable branch leaving from the halo orbit to the Earth, and w, illustrates the stable
branch leaving from the Moon to the halo orbit, and 7}, illustrates the unstable branch leaving from the
halo orbit to the Moon; b) the branches W, and W, construct a whole Moon-to-Earth transfer trajectory
labeled by light-colored lines, while W’ and W), construct a whole Earth-to-Moon transfer trajectory

labeled by dark-colored lines.
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Fortunately, the perturbation of the solar gravity employed by the SBCM model may cut down the
infinite durations of some branches to finite ones, which is quite practical for Earth-to-Moon transfers.
For the pairs (5,7) [0, 22]x[0, 1] not transiting halo orbit near LL, point, the perturbed manifolds will
lose the phase of orbiting the Earth or the Moon, i.e., there is no periapsis about the Earth or the Moon
in this case. Only the intersecting pairs of transiting from the Earth to halo orbit and another intervals
transiting from halo orbit to the Moon, i.e., ([95°, 150°U[262°, 345°])x[0, 1] and ([100°, 200%]U[270°,
30°])x([0.16, 0.26]U[0.47, 0.58]), can drive the trajectories to orbit successively the Earth and Moon,
which is considered as the cislunar transfer opportunities shown in Fig.24.

The procedure to produce the transfer opportunities is presented as following: (i) vary g in the
interval of [0°, 360°] and the phase of serial points on halo orbit ze [0, 360]/360 to integrate the SBCM
dynamics formulized by the differential Eq. (4) backwards to yield the Earth-escaping segment, and
integrate forwards to yield the Moon-captured segment; (i7) collect the altitudes of periasis when the
Earth-escaping or the Moon-captured segments reach their first periasis, and then draw them by the
contour-map of rp, which are considered as cislunar or trans-lunar transfer opportunities; (ii7) the two
integrations (forwards and backwards) have the same initial condition of X=[r, r]|,of a serial point on
the halo orbit. Only some subintervals of gand zcan make the integrated trajectories closer to the Earth
or Moon. The initial conditions are: the initial lunar phasic angle is 6,0=0°, and the solar phasic angle yij
ranges from 0° to 360°, and the phase of serial points on halo orbit 7 ranges from 0 to 1, and the

maximal y component of halo orbit to integrate forwards and backwards Eq.(4) is +40142.16km.
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Fig.24 Contour-map of transfer opportunities for trans-lunar WSB trajectories: a) transfer opportunities for
the Earth-escaping segments; b) transfer opportunities for the Moon-captured segments; the solar phasic

angle g has more effects on the existence of the trajectories than the phase of halo orbit, and most of them
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are located within the (5, 7) pairs of ([95°, 150%1U[262°, 345%])x[0, 1] (for the Earth-escaping segment) and

([100°, 200°1U[270°, 30°])x([0.16, 0.26]U[0.47, 0.58]) (for the Moon-captured segment); all the cislunar

trajectories mapped from the contour-map have the similar geometrical shape with the typical trajectories

shown in Fig.25.

The procedures to produce transfer trajectories transiting LL; point in the rotating Sg.m frame can
be employed to produce the cislunar transfer trajectories transiting halo orbit in Fig.25: for some
specified pair (B, ), integrate Eq.(4) backwards from a halo orbit to obtain the Earth-escaping segment
and forwards to achieve the Moon-captured segment in the rotating Sg.m frame. The initial conditions

are listed as following: the initial lunar and solar phasic angle at the epoch time (/=0) is 6,,=0° and

ﬁ=1500 respectively, and the two integrations (forwards and backwards) have the same initial condition

X= [r, f]l=s2360 Of a serial point on the halo orbit with its maximal y component equal to

+40142.16km.

— - — Escaping from Earth
Captured by Moon
Halo orbit at LL, point

Fig.25 Typical cislunar transfer trajectory transiting a halo obit near LL; point in the rotating Sg.m frame
for ﬂ=1500 and 7=82/360: the blue solid lines illustrate the segment escaping from the Earth, and the red
dash-dotted lines illustrate the segment captured by the Moon, and the black thick lines illustrate the halo

orbit; the x and y components range between -0.9~+1.2 and -0.8~+0.8 (Lg-m), While the z component
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ranges between -1.1~+1.1 (Le-m), Which is larger than the z component of a trajectory transiting LLi point;

the maximal y component of the halo obit is +40142.16km.
It is worth mentioning that the numerical simulations indicate all the cislunar trajectories mapped

from the contour-map have the similar geometrical shape with the typical trajectories shown in Fig.25.
4.2 Low-energy transfers by transiting halo obits near LL, point

Similar to transiting LL, point, the inner transfer trajectories transiting halo orbit near LL, point is
essentially the cislunar transfer trajectories passing through LL; point, and costs more fuels than the
cislunar trajectories achieved in Section 4.1. Hence, only the trans-lunar WSB trajectories are
employed in this paper so as to construct some practical transfer trajectories. According to the work of
Koon et al. (2001), there are smooth-patched manifolds on a Poincaré section to drive the spacecraft
flying from the Earth to another halo orbit near EL; (or EL;) point and then to the targeting halo orbit
near LL, point. Thus, the following investigation will verify that both the invariant manifolds of halo

orbits near EL; and EL, points can be used to construct the whole trans-lunar WSB trajectories.

Fig.26 The conceptual geometry of two smooth-patched manifolds on a Poincaré section: both the invariant
manifolds of halo orbits near EL; and EL, points can be used to construct the whole trans-lunar WSB

trajectories.

The procedure developed for the transfer opportunities in the above section can also be used to
create the colorful Porkchop-like contour-maps of transfer opportunities for the Earth-escaping and the
Moon-captured segments transiting halo orbit near LL; point. The initial conditions are: the initial lunar

phasic angle is 60=0° and the solar phasic angle S ranges from 0° to 360°, and the phase of serial

38



points on halo orbit zranges from 0 to 1. The maximal y component of halo orbit to integrate forwards

and backwards Eq.(4) is £33818.07km.
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Fig.27 Contour-map of transfer opportunities for trans-lunar WSB trajectories: a) transfer opportunities for
the Earth-escaping segments; b) transfer opportunities for the Moon-captured segments; the solar phasic

angle B has more effects on the existence of the trajectories than the phase of halo orbit, and most of them
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are located in the gs intervals of [85°, 165°]U[262°, 330°])x[0, 1] (for the Earth-escaping segment) and

([10°, 92°JU[192°, 268°])x([0, 0.26]U[0.57, 0.66]) (for the Moon-captured segment); the phase of halo

orbit has more effects on the altitudes of periapsis about the Earth and Moon; the points labeled as a, b, ...,

n, are mapped into 14 typical trans-lunar WSB trajectories, as shown in the rotating Ss.e/m frame in Fig. 28;

the maximal y component of the halo obit is +33818.07km.

Only the intersecting pairs of transiting from the Earth to halo orbit and another intervals
transiting from halo orbit to the Moon, i.e., ([85°, 165°JU[262°, 330°])x[0, 1] and ([10°, 92°JU[192°,
268°))x([0, 0.26]U[0.57, 0.66]), can drive the trajectories to orbit successively the Earth and Moon, and
is considered as the cislunar transfer opportunities shown in Fig.27. The points labeled as a, b, ..., n, are
mapped into 14 typical trans-lunar WSB trajectories in the rotating Ssgnm frame, which can be
produced by the following procedure: (i) integrate Eq.(4) backwards to obtain the Earth-escaping
segment and forwards to achieve the Moon-captured segment in the rotating Sg.v frame both from the
same initial condition of a serial point on the halo orbit; (i7) the transfer trajectories R; in the Ss.g/m
frame are converted from the integrated trajectories r in the rotating Sg. frame, based on the following
transition matrix of Ri=R.(-))R.(-A)r +As.

The initial conditions are listed as follows. The initial lunar phasic angle at the epoch time (¢=0) is
60=0°, and the initial condition X= [r,1 ]|, is selected from a serial point with its phase 7 on the halo
orbit. All the subgraphs are produced by the halo orbit with its maximal y component equal to
+33818.07km. The initial phase of serial points rand the solar phasic angle s at the epoch time (z=0)
are: a) 7=345/360 and =10 b) =350/360 and =33 c) =177/360 and $=96°; d) r=13/360 and
p=13% e) =360/360 and =53 f) r=352/360 and p=35"; g) r=352/360 and $=33°; h) 7=52/360 and
B=205Y%; i) =24/360 and p=194°% j) =220/360 and p=13° k) 7=62/360 and p=191°%; I) =51/360 and
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Fig.28 Typical trans-lunar WSB trajectories in the Ss.g/n frame: all the subgraphes correspond to the points
labeled in Figs. 20 and 21; the phase of halo orbit and the solar phasic angle are selected as: a) =345/360
and =10 b) =350/360 and 3=33"; c) =177/360 and p=96"; d) r=13/360 and p=13" e) 7=360/360 and
=53 ) =352/360 and p=35"; g) +=352/360 and p=33"; h) =52/360 and =205’ i) =24/360 and
p=194% j) =220/360 and p=13° k) r=62/360 and =191 1) 7=51/360 and B=205"; m) =187/360 and
,B=89°; n) 7=189/360 and /3:890. a, b, ..., g are classified as the trans-lunar WSB trajectories passing
through EL; point, and h, i, ..., n are classified as the ones passing through EL, point; the circles indicate

the lunar surface; the maximal y component of the halo obit is +£33818.07km.

Because of the conclusion in Section 2.2 that all the cislunar and trans-lunar trajectories have the z
component much smaller than the other components, only the x-y view is presented for the labeled
points, a, b, ..., n. The 14 typical trajectories are classified as the ones passing through EL; point (i.e., a,
b, ..., g) and the others passing through EL, point (i.e., h, i, ..., n). Thus, both EL; and EL, points can be
employed to join with the unstable manifolds of a halo or a Lyapunov orbit near LL, point in driving
the spacecraft from the Earth to the Moon, which is according to the Koon et al.’s conclusion (Koon et
al. 2001). In the Ss.e/m frame, the Earth, £L; and EL, points are located respectively on the & axis at
388.810, 384.918 and 392.728 based on the length unit normalization Lg. mentioned in Section 2.1.
The temporarily captured segment of the trans-lunar trajectory has fewer loops orbiting the Moon but
requires more energy than the cislunar one. Even so, the deceleration from the temporary capture to the

permanent capture is small than Hohmann transfer.
5. Conclusion

The low-energy cislunar and WSB trajectories are investigated in this paper from the viewpoint of
the cislunar libration point (LL;) and trans-lunar libration point (LL,), respectively. According to the
geometry of instantaneous Hill’s boundary, the equivalent LL; point is defined as the critical point
connecting the two gravitational fields around the Earth and Moon, while the equivalent LL, point is
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defined as the critical point connecting interior and forbidden regions. The locations of the equivalent
equilibria and their Hamiltonian values are solved from the partial derivative of the potential function
with respect to the x component.

The systematical discussion on the Moon-captured energy in the frame of a spatial analytical
four-body model (i.e., SBCM) is implemented by the numerical Poincaré mapping, which is only
focusing on the statistical features of the fuel cost and captured elements (like altitude of periapsis and
eccentricity) rather than a specified Moon-captured segment.

The minimum-energy cislunar and trans-lunar trajectories are yielded by transiting LL, and LL;
points respectively in Chapter 3. The trajectories transiting LL, point are classified into the inner
cislunar type essentially passing through LL; point, and the outer WSB type connecting the invariant
manifolds near EL, (or EL;) point and unstable manifolds near LL, point. Moreover, it is demonstrated
that the solar phasic angle g has positive affects on the transfer opportunities: for the cislunar case
transiting LL; point, a whole Earth-to-Moon transfer trajectory can be achieved only within the gs
interval [77°, 109°U[285°, 342°%]; for the outer WSB case transiting LL, point, a whole Earth-to-Moon
transfer trajectory can be achieved only within the s interval [21.8°, 23.3°U[201.5°, 203°].

Compared with the only variable (i.e., p) to construct a transfer trajectory transiting the libration
point, the halo orbit is employed to increase the transfer opportunities by introducing another variable
(i.e., serial points of halo orbit). Subsequently, a global investigation on the Earth-escaping and
Moon-captured opportunities is implemented for practical transfer trajectories transiting halo orbits
near LL; and LL, points respectively. For the cislunar case transiting halo orbit near LL, point, a whole
Earth-to-Moon transfer trajectory can be achieved only within the pairs (3, 7) of ([95°, 150°]U[262°,
345°)x[0, 1] and ([100°, 200°U[270°, 30°])x([0.16, 0.26]U[0.47, 0.58]); for the outer WSB case
transiting halo orbit near LL, point, a whole Earth-to-Moon transfer trajectory can be achieved only
within the pairs (8, 1) of ([85°, 165°1U[262°, 330°])x[0, 1] and ([10°, 92°JU[192°, 268°)x([O,
0.26]U[0.57, 0.66]).

6 Acknowledgment

The authors are very grateful to the anonymous reviewer for helpful comments and suggestions on
revising the manuscript. The research is supported by the National Natural Science Foundation of
China (11172020), the National High Technology Research and Development Program of China (863

43



Program: 2012AA120601), Talent Foundation supported by the Fundamental Research Funds for the
Central Universities, Aerospace Science and Technology Innovation Foundation of China Aerospace

Science Corporation, and Innovation Fund of China Academy of Space Technology.

References

[1] Andreu M A. The Quasi-bicircular Problem. PhD thesis, Universitat de Barcelona, 1999.

[2] Belbruno E, Miller j. Sun-perturbed Earth-to-Moon transfers with ballistic capture. Journal of Guidance, Control
and Dynamics, 1993, 16: 770-775.

[3] Belbruno E. Capture Dynamics and Chaotic Motions in Celestial Mechanics. Princeton University Press, 2004.

[4] Bollt E M, Meiss J D. Targeting Chaotic Orbits to the Moon through Recurrence. Physics Letters A, 1995, 204:
373-378.

[5] Circi C, Teofilatto P. On the dynamics of weak stability boundary lunar transfers. Celestial Mechanics and
Dynamical Astronomy, 2001, 79(1): 41-72.

[6] Coney C. Low Energy Transit Orbits in the Restricted Three-Body Problem. SIAM J. Appl. Math, 1968, 16:
732-746.

[7] Conley C. On the ultimate behavior of orbits with respect to an unstable critical point. I. Oscillating, asymptotic,
and capture orbits, J. Differential Equations, 1969, 5: 136-158.

[8] Garcia F, Gobmez G. A Note on Weak Stability Boundaries. Celestial Mechanics and Dynamical Astronomy,
2007, 97: 87-100.

[9] Koon W S, Lo M W, Marsden J E. Low Energy Transfer to the Moon. Celestial Mechanics and Dynamical
Astronomy, 2001,81(1): 63-73.

[10] Koon W S, Lo M W, Marsden J E, et al. Dynamical Systems, the Three-Body Problem and Space Mission Design.
Springer-Verlag, New York, 2007.

[11] He W, Xu S. Study on Escaping Energy in Circular Restricted Three body Problem. Acta Aeronautica et
Astronautica Sinica, 2007, 28(2): 263-268.

[12] Howell K C, Barden B, Lo M W. Application of Dynamical Systems Theory to Trajectory Design for a Libration
Point Mission. Journal of Astronautics Science, 1997, 45: 161-178

[13] Howell K C, Beckman M, Patterson C, et al. Representations of Invariant Manifolds for Applications in
Three-Body Systems. Journal of the Astronautical Sciences, 2006, 54(1): 69-93.

[14] Macau E E. Using Chaos to Guide a Spacecraft to the Moon. In 49" International Astronautical Congress, 1998,
Auwustralia, |IAF-98-A.3.05.

[15] Marsden J E, Ross S D. New methods in celestial mechanics and mission design. Bulletin of the American
Mathematical Society, 2006, 43: 43-73.

[16] McGehee R P. Some Homoclinic Orbits for the Restricted 3-Body Problem. Ph.D. Thesis, University of

44



Wisconsin, 1969.

[17] Mengali G, Quarta A A. Optimization of Biimpulsive Trajectories in the Earth-Moon Restricted Three-Body
System. Journal of Guidance, Control and Dynamics, 2005, 28(2): 209-216.

[18] Parker J S, Lo M W. Shoot the Moon 3D. In AAS/AIAA Astrodynamics Specialist Conference, 2005, Lake Tahoe,
AAS 05-383.

[19] Richardson D L. Analytic construction of periodic orbits about the collinear points. Celestial Mechanics, 1980,
22(3): 241-253.

[20] Ross, S D, Koon W S. Design of a Multi-Moon Orbiter. In /3™ 4A4S/AIAA Space Flight Mechanics Meeting,
2003, San Diego, AAS03-143.

[21] Schroer C G, Ott E. Targeting in Hamilton Systems that have mixed regular/Chaotic Phase Spaces. Chaos, 1997,
7(4): 373-378.

[22] Topputo F, Vasile M. Earth-to-Moon Low Energy Transfers Targeting L; Hyperbolic Transit Orbits. In New
Trends in Astrodynamics and Applications II, 2005, Princeton.

[23] Villac B F, Scheeres D J. Escaping Trajectories in the Hill Three Body Problem and Applications. Journal of
Guidance, Control and Dynamics, 2002, 26(2): 224-232.

[24] Xu M, Xu S. Exploration of Distant Retrograde Orbits around Moon. Acta Astronautica, 2009, 65(5-6): 853-860.

[25] Xu M, Tan T, Xu S. Research on the Transfers to Halo Orbits from the View of Invariant Manifolds. SCIENCE
CHINA, Physics, Mechanics & Astronomy, 2012, 55(4): 671-683.

[26] Xu M, W J, et al. A New Constellation Configuration Scheme for Communicating Architecture in Cislunar
Space. Mathematical Problems in Engineering, 2013, 19: 864950.

[27] Xu M, Xu S. Study on Stationkeeping for Halo Orbits at £L;: Dynamics Modeling and Controller Designing.
Transactions of the Japan Society for Aeronautical and Space Sciences, 2012, 55(5): 274-285.

[28] Yagasaki K. Computation of Low Energy Earth-to-Moon Transfers with Moderate Flight Time. Physica D, 2004,
197: 313-331.

[29] Yamato H. Trajectory Design Methods for Restricted Problems of three Bodies with Perturbations. Ph.D. thesis,
Pennsylvania State University, 2003.

45



